Near-field radiative heat transfer (RHT) between two bodies can significantly exceed the far-field limit set by Planck's law due to the evanescent wave tunneling, which typically can only occur when the two bodies are separated at subwavelength distances. We show that the RHT between two SiC nanoparticles with separation distances much larger than the thermal wavelength can still exceed the far-field limit when the particles are located within a subwavelength distance away from a SiC substrate. In this configuration, the localized surface phonon polariton (SPhP) of the particles couples to the propagating SPhP of the substrate which then provides a new channel for the near-field energy transport and enhances the RHT by orders of magnitude at large distances. The enhancement is also demonstrated to appear in a chain of closely spaced SiC nanoparticles located in the near field of a SiC substrate. The findings provide a new way for the long-distance transport of near-field energy.
II. Theoretical aspects
To start the analysis, we first consider the many-body RHT involving a substrate as shown in Fig. 1 
(c).
A general framework regarding the RHT between arbitrarily shaped objects and a surface has been proposed by Edalatpour and Francoeur [28] , in which the surface interactions are considered via Sommerfeld's theory of electric dipole radiation above an infinite plane [29] and the volume integral equation of the electric field is solved using the thermal discrete dipole approximation [30] . Here we consider a relatively simple case.
We suppose the particles are isotropic, linear, nonmagnetic, and the sizes of the particles are much smaller than the thermal wavelength TB c k T
 
. In addition, we suppose that the separation distances from particle to particle and from particle to the substrate are sufficiently large so that higher multipoles can be neglected. Upon such simplifications, the particles can be modeled by point-like dipoles.
Assuming that the upper half space is vacuum, the total dipole moment of the i-th particle can be decomposed into the self-fluctuating part and the induced part 
where 0  is the vacuum permittivity and i  is the electric polarizability of the i-th particle. For isotropic spherical nanoparticles, the electric polarizability can be obtained from the extinction cross section in the Mie theory [31, 32] Phys. Rev. B. 2018 . In press 4 1 3 0 6 i ia k   = (2) where 1 a is the first order of the Mie coefficient (see Appendix A). Note that the radiation damping of the particle is included in the electric polarizability. Assuming no external incident field, E inc i is the sum of the radiated and reflected fields from the particles and the radiated fields from the substrate is the reflection Green's tensor relating the electric field at r i generated from the source at r j through the surface reflection, which is given by the Sommerfeld integrals [33, 34] and k  is the wave vector component parallel to the surface. S is the Jacobi rotation matrix given by [33, 34] 
where 1  is the relative permittivity of the substrate, we implemented the adaptive Gaussian-Kronrod quadrature to evaluate the integrals on the basis of the codes provided in Ref. [34] .
Eqs.
(1) and (3) can be casted in a matrix form as
where the elements of the interaction matrix is given by 
where P , P fluc and E sub are the corresponding vectors in Eq. (8) . Thus, the total dipole moment of particle i can be re-written as
The first term on the right hand side of Eq. (10) is the self-fluctuating part, the second term is the induced part by the fluctuating incident field from other particles, and the third term is the induced part by the incident field from the substrate. The power absorption of particle i due to external incident field is calculated by [32, 35] (13) is similar to that obtained in Refs. [17] and [18] in the absence of the substrate. For a point 0 r above the surface and outside the particles, the electric field generated from the particles is 
Note that the RHT between the substrate and the particles can also be derived following the procedure described in Ref. [28] .
The RHT between two blackbody spheres is also considered for comparison. The total radiative heat flux between two blackbody spheres is calculated in the framework of the traditional radiation transfer theory   (17) where l is the distance between two spheres edge to edge.
III. Results and analysis
We first study the RHT between two SiC nanoparticles located near a substrate and show that the propagating surface waves can provide a new channel for near-field energy transport. Then, we will analyze the characteristics of the propagating surface wave channel for the RHT between two Ag nanoparticles and the RHT through a chain of closely spaced SiC nanoparticles.
SiC is a typical polar dielectric material, the dielectric function of which can be described by the DrudeLorentz model
where ε∞ = 6.7, Γ = 0.9×10 12 rad· s supported by Ag surface and nanoparticle lie in the ultraviolet range, which are far from typical thermal wavelength range.
A. RHT between two SiC nanoparticles near a substrate
The RHT between two spherical SiC nanoparticles of radius R=100nm is studied in this sub-section. The validity of the dipole approximation for SiC nanoparticles with respect to the particle-particle and the particlesurface gaps has been examined by comparing to exact methods [40, 41] in Appendix C. For particle-particle and particle-surface gaps larger than 3R=300nm, the relative errors of the dipole approximation are within 10%.
Thus, we maintain a minimum gap of 300nm from particle to particle and from particle to surface, which is enough to reproduce the general physics. Figure 2 shows the total heat flux between two SiC nanoparticles as a function of the separation distance edge to edge. The RHT between two SiC nanoparticles located in vacuum (none substrate), located above SiC and Ag substrates are considered. In addition, the far-field prediction of the heat flux between two blackbody spheres of equal size is considered for comparison.
Fig. 2
The total radiative heat flux P (W) between two SiC nanoparticles of radius R=100nm as a function of the separation distance edge to edge l. Two SiC nanoparticles located in vacuum (none substrate), located above SiC and Ag substrates, and two equally sized blackbody spheres are considered. h is the minimum gap between the particle and the substrate. The temperatures of particles 1 and 2 are kept at 300K and 0K, respectively.
Phys. Rev. B. 2018. In press
8 As shown in Fig.2 , the heat flux between two SiC nanoparticles in vacuum (none substrate) decays rapidly with increasing separation distance, and for separation distances larger than the characteristic thermal wavelength (about 7.63μm at 300K), the heat flux decays as l -2 , indicating that the RHT between the two particles reaches far-field mode [42] . When the two SiC nanoparticles are located at a distance h=300nm above a SiC substrate and separated by gaps smaller than 400nm, the heat flux shows no obvious differences from that in the absence of the substrate, which implies that the RHT is still dominated by the strong near-field interparticle coupling. With increasing separation distance between the two SiC nanoparticles, however, the heat flux is gradually enhanced by the SiC substrate. The enhancement of the heat flux gets larger with increasing l, and reaches a maximum at a separation distance of about 20μm. It can be seen that the heat flux is enhanced by more than two orders of magnitude for l ranging from 8 to 30μm. With further increase of the separation distance, however, the enhancement of the RHT decreases quickly. When the two SiC nanoparticles are located h=300nm above the SiC substrate, the heat flux between the two particles exceeds that predicted by the two blackbodies for l ranging from 300nm to as large as about 10 times the thermal wavelength. In the absence of the substrate, however, the heat flux between the two SiC nanoparticles can only exceed the far-field blackbody limit for separation distances smaller than 1μm. When the gap between SiC nanoparticle and the SiC substrate is increased to h=800nm, similar phenomena can be observed, but the enhancement in the RHT gets smaller. In this case, the heat flux between the two SiC nanoparticles can be enhanced by more than one order of magnitude for l ranging from several microns to about 60μm. For comparison, we also consider the RHT between two SiC nanoparticles located h=300nm above the Ag substrate that does not support surface waves in the thermal wavelength range. The Ag substrate has much smaller effects on the heat flux between the two SiC nanoparticles. It can be seen that the heat flux between the two SiC nanoparticles is decreased for l smaller than 2μm but is increased for larger separation distances.
To explain the phenomena observed in Fig. 2 , we consider the spectral heat flux between two SiC nanoparticles. In the Reststrahlen band of SiC, the vacuum-SiC interface can support propagating surface waves called SPhP that produce a peak at the frequency near 1.79×10 14 rad· s -1 [25] . And according to the Fröhlich condition [25] , SiC nanoparticles in vacuum can support localized SPhP at the frequency near ] between two SiC nanoparticles of radius R=100nm that are located in vacuum (solid line) and located h=300nm above SiC (short dash) and Ag (dash dot) substrates. (a) Pω for the particle-particle gaps of l=300nm and l=1μm; (b) Pω for l=4μm, the normalized propagation length L/λ [43] of the SPhP at the vacuum-SiC interface is plotted on the right axis. The temperatures of particles 1 and 2 are kept at 300K and 0K, respectively. 10 As shown in Fig. 3 , the RHT between two SiC nanoparticles is dominated by the localized SPhP of the SiC nanoparticles. At other frequencies, however, the spectral heat flux can drop by orders of magnitude. When the two SiC nanoparticles separated by l=300nm are placed h=300nm above a SiC substrate, as shown in Fig. 3(a) , the spectral heat flux between the two SiC nanoparticles is enhanced by several times near the frequency Another example to show the coupling between the localized and propagating SPhP is the electric energy density distribution. Figure 4 shows the electric energy density distribution at the frequency 1.756×10 14 rad· s -1 for two SiC nanoparticles located in vacuum and located at h=300nm above a SiC substrate, respectively. The separation distance between the two particles is l=4μm. The left particle is the emitter maintained at a temperature of 300K while the right particle is maintained at 0K. The emission of the SiC substrate is not considered. In the presence of the SiC substrate, a larger region of high energy density around the SiC nanoparticles can be observed, indicating the strong coupling between the localized SPhP and the propagating SPhP. In addition, due to the existence of the propagating SPhP on the substrate, the energy density along the surface is orders of magnitude larger than the same positions in the absence of the substrate. 

B. The propagating surface wave channel for two Ag nanoparticles
We have shown that the localized SPhP of the SiC nanoparticles can excite and couple with the propagating SPhP of the SiC substrate when the particles are located within a subwavelength distance away from the substrate. Since the localized SPhP of the SiC nanoparticles makes the main contribution to the RHT, the propagating surface wave channel can enhance the total heat flux by orders of magnitude for large separation distances between the two SiC nanoparticles. One might wonder what the effect of the propagating surface wave channel will be if there is no coupling between localized and propagating surface modes. In this subsection, we consider the RHT between two Ag nanoparticles that are also located within a subwavelength distance from a SiC substrate. The surface mode of Ag nanoparticles in vacuum lies in the ultraviolet range, which is far from the Reststrahlen band of the SiC substrate. Figure 5 shows the heat flux between two Ag nanoparticles in vacuum and located at h=300nm from a SiC substrate. The radius of the Ag nanoparticles is supposed to be 5nm, while the minimum particle-particle and particle-surface gaps are still maintained at 300nm. As shown in Fig. 5(a) , the SiC substrate can enhance the total heat flux between two Ag nanoparticles for particle-particle gaps larger than 1μm, but the enhancement is much smaller than that observed for SiC nanoparticles. Figure 5(b) gives the spectral heat flux between two Ag nanoparticles separated by a distance of 2μm. As can be seen, the spectral heat flux can be enhanced by more than two orders of magnitude around the frequencies at which the SiC substrate supports propagating
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12 SPhP. However, the spectral distribution of the heat flux between Ag nanoparticles is relatively flat in the thermal wavelength range, whereas the enhancement of the heat flux by the propagating SPhP lies in a very narrow spectral range. As a result, the enhancement of the total heat flux between Ag nanoparticles is much smaller than that observed between SiC nanoparticles. 
C. The propagating surface wave channel for a chain of SiC nanoparticles
For a chain of closely spaced nanoparticles, strong interparticle interactions can make the localized surface modes propagate along the chain, which has been studied widely for subdiffraction waveguiding [25, 44] and electromagnetic energy transport [45, 46] . Here, we show that the propagating surface wave channel can also enhance the RHT through a chain of closely spaced nanoparticles. Figure 6 shows the heat flux from particle 1 to 10 through a chain of 10 equidistantly distributed SiC nanoparticles with respect to the height above a SiC substrate. The radius of the SiC nanoparticles is 100nm, and the minimum particleparticle and particle-surface gaps are still kept at 300nm.
Fig. 6
Radiative heat flux from particle 1 to particle 10 through a chain of 10 equidistantly distributed SiC particles as a function of the height h above a SiC substrate. The temperature of particle 1 is kept at T1=300K. The radius of all the nanoparticles is R=100nm.
As shown in Fig. 6 , when the chain is located h=300nm above the SiC substrate, the heat flux from particle 1 to particle 10 is more than one order of magnitude larger than that without the substrate for interparticle distances of l=300nm and l=400nm. With increasing h, the heat flux decreases and drops by one order of magnitude when h reaches 2μm, indicating that the propagating surface wave channel becomes weaker. For h larger than 4μm, the heat flux shows damping oscillations with increasing h due to the wave interference effect with the substrate, which can be understood by an inspection of the exponential term in the reflection Green's tensor. The heat flux gradually approaches the value in the absence of the substrate.
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IV Conclusion
In conclusion, we have shown that the propagating surface waves can serve as a new channel for the transport of near-field energy at long distances. For two SiC nanoparticles with separation gaps larger than the thermal wavelength, the RHT can be enhanced by two orders of magnitude when the particles are located within subwavelength distances away from a SiC substrate. The giant enhancement in the RHT is attributed to the strong coupling of the localized SPhP of the particle to the propagating SPhP of the substrate which then provides a new channel for the long-distance transport of near-field energy. The propagating SPhP channel can also be observed for Ag nanoparticles that are modeled as electric dipoles. But the enhancement in the total heat flux is much smaller since there are no coupled surface modes between the Ag nanoparticle and the SiC substrate. In addition, the propagating SPhP channel can also enhance the heat flux through a chain of closely spaced SiC nanoparticles by one order of magnitude when they are located in the near field of a SiC substrate. The findings of this work provide a new way for the transport of near-field energy at long distances. It is noted that this work only considers spherical nanoparticles that are modeled as electric dipoles. The role of the propagating surface wave channel for particles with strong magnetic response, or for particles with more complex geometries or larger sizes still needs further study. , R denotes the radius of the particle and  denotes the electric permittivity of the particle, 1 j is the first order Bessel function, and
h the first order Hankel function of the first kind [31] .
Appendix B: The reflection Green's tensor
The reflection Green's tensor is given by [33, 34] 
where 0 J and 1 J are the Bessel functions of the first kind.
Appendix C: The dipole approximation of the SiC nanoparticle with respect to the particleparticle and particle-surface gaps
In the dipole approximation of nanoparticles, it is required that the separation distances from particle to particle and from particle to surface are sufficiently large so that higher multipoles can be neglected. To verify the minimum particle-particle and particle-surface gaps considered in this study, we compared the dipole approximation of spherical SiC nanoparticles with exact solutions of the RHT between two spheres [40] and the RHT between a sphere and a substrate [41] . Using the formulas in this work, the dipole approximation for the RHT between two nanoparticles can be easily calculated without considering the effect of the substrate. And following the procedure in Ref. [28] , the dipole approximation for the radiative heat flux between a nanoparticle and a substrate can be expressed as
where ij is defined in the main text, and the expression for the spatial correlation function
 can be found in Ref. [28] . Figure 7 compares the dipole approximation and the exact solutions for the thermal conductance at 300K with respect to the particle-particle and particle-substrate gaps. The radius of the SiC nanoparticle is
R=100nm. The thermal conductance is defined as [40] 
As shown in Fig. 7 , for smaller particle-particle and particle-substrate gaps, the dipole approximation tends to underestimate the thermal conductance between two SiC nanoparticles and that between a SiC nanoparticle and a SiC substrate, since the contributions of higher multipoles are not included. With increasing separation gaps, the accuracy of dipole approximation gradually gets better. The relative errors of the dipole approximation are within 10% for particle-particle and particle-surface gaps larger than 3R=300nm. Thus, for the cases considered in this work, it is enough to reveal the general physics to maintain a minimum particle-particle gap of l=3R=300nm and a minimum particle-substrate gap of h=3R=300nm.
As to the Ag nanoparticles considered in this work, the radius is supposed to be 5nm while the minimum particle-particle and particle-substrate gaps are still kept at 300nm, the contribution of higher multipoles can also be neglected.
Fig. 7
Comparison of the thermal conductance G at 300K between the dipole approximation and the exact solutions, (a) G between two spherical SiC nanoparticles of radius R=100nm as a function of the particle-particle gap; (b) G between a spherical SiC nanoparticle of radius R=100nm and a SiC substrate as a function of the particle-substrate gap. The relative errors of the dipole approximation are plotted on the right axis.
Appendix D Interactions between two SiC nanoparticles near the Ag substrate
To understand the RHT between two SiC nanoparticles near the Ag substrate as shown in Figs. 2 and 3, we investigate the electromagnetic interactions between the two SiC nanoparticles near the Ag substrate.
The fluctuating dipole moment of particle 1 given by the FDT is randomly oriented. For ease of analysis, 18 we assign x, y and z polarized dipole moments to particle 1, respectively, and study how particle 2 responses to particle 1. To quantify the interactions, the transmission efficiency from particle 1 to particle 2 is applied, which is defined as [44] 
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For a given dipole moment p1 of particle 1, the induced dipole moment in particle 2 can be calculated according to Eq. (10) in the main text as follows
Figure 8 (a) shows the transmission efficiency from particle 1 to particle 2 as a function separation distance l between the two SiC nanoparticles. In the absence of the substrate, the transmission efficiency is dominated by the x polarized dipole moment of particle 1 for l smaller than 1μm, but is dominated by the y and z polarized dipole moments for l larger than 4μm. This implies that the near-field RHT from particle 1 to particle 2 is dominated by the longitudinal component of the fluctuating dipole moment, while at larger separation distances the RHT is dominated by the transversal component of the fluctuating dipole moment.
When the SiC nanoparticles are located near the Ag substrate, however, the transmission efficiency is decreased for x and y polarized dipole moment of particle 1, whereas it increases for z polarized dipole moment for l larger than 800nm. Actually, the Ag substrate behaves like a mirror due to its large permittivity.
As illustrated in Fig. 8 (b) , the dipole moments parallel (x and y) to the substrate will be weakened by the induced image dipole moments that have opposite orientations. However, the z polarized dipole moment will form an enlarged effective dipole moment with its image dipole moment having the same orientation.
For the RHT between two SiC nanoparticles, therefore, the Ag substrate will decrease the contribution of the x and y components of the fluctuating dipole moment, whereas it can increase the contribution of the z component. Such a complex mechanism leads to the phenomena observed in Figs. 2 and 3 , i.e., the Ag substrate can either decrease or increase the RHT between two SiC nanoparticles depending on the particleparticle gaps. 
